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Abstract. We suggesta formal modelto representandsolve themulticastrout-
ing problemin multicastnetworks.To attainthis,we draw thenetwork adapting
it to a weightedAND-OR graph,wherethe weight on a connectorcorresponds
to thecostof sendinga packet on thenetwork link modelledby thatconnector.
Then,we usethe Soft ConstraintLogic Programming(SCLP) framework asa
convenientdeclarative programmingenvironmentwhereto specifyrelatedprob-
lems.In particular, we show how thesemanticof a SCLPprogramcomputesthe
besttreein thecorrespondingAND-OR graph:this resultcanbeadoptedto find,
from a given sourcenode,the multicastdistribution treehaving minimum cost
andreachingall thedestinationnodesof themulticastcommunication.Thecosts
ontheconnectorscanbedescribedalsoasvectors(multidimensionalcosts),each
componentrepresentinga differentQuality of Servicemetric value.Therefore,
theconstructionof thebesttreemay involve a setof criteria to beall optimized
(multi-criteria problem),e.g.maximumglobal bandwidthandminimum delay
thatcanbeexperiencedonasinglelink.

1 Moti vation and main idea

Multicast is an importantbandwidth-conservingtechnologythat reducestraffic by si-
multaneouslydeliveringasinglestreamof informationto multiplereceivers.Therefore,
while saving resources,multicastis well suitedto concurrentlydistribute contentson
behalfof applicationsaskingfor acertaintimelinessof delivery: thus,multicastrouting
hasnaturallybeenextendedto guaranteeQualityof Service(QoS)requirements[19].

In this paperwe suggesta formal modelto representandsolve themulticastrout-
ing problemin multicastnetworks with QoS.For the representationwe useAND-OR

graphs[13] to modelthenetwork andSCLPprograms[1,4,9] on thegraphsto com-
putethebesttreeaccordingto QoScriteria.
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Givena multicastgroupof receiver nodesanda setof optimizationobjective func-
tions,themulticastroutingis theprocessof building amulticasttreethatoptimizethese
functions,oftenexpressingtheaimof minimizing thecostof thetree.If wearedealing
with QoSrequirements,asetof constraintsis alsogiven:constraintsarein theform of,
for example,end-to-enddelaybounds,jitter bound,minimum bandwidthof the path
or otherQoSmetrics.Theresultingmulticasttreemustprovide bothreachabilityfrom
sourceto all destinations,andtheQoSconstraints.

First, we will describehow to representa network configurationin its correspond-
ing AND-OR graph,mappingnetwork nodesto AND-OR graphnodesandlinks to graph
connectors. QoS link costswill be translatedin costsfor the connectors.Generally,
AND/OR graphsareusedto modelproblemsolvingprocesses,andtogetherwith min-
imum costsolutiongraphshavebeenstudiedextensively in artificial intelligence[16].

Afterwards,wewill proposetheSoftConstraintLogic Programming(SCLP)frame-
work [1,4,9] asa convenientdeclarative programmingenvironmentwhereto specify
andsolve suchproblem.SCLPprogramsarean extensionof usualConstraintLogic
Programming(CLP) [10] programswherelogic programmingis usedin conjunction
with soft constraints,thatis, constraintswhichcanbesatisfiedatacertainlevel. In par-
ticular, wewill show how to representanAND-OR graphasanSCLPprogram,andhow
thesemanticsof sucha programcomputesthebesttreein thecorrespondingweighted
AND-OR graph.Therefore,the besttree found in this way, canbe usedto shapethe
optimizedmulticasttreethatensuresQoSrequirementson thecorrespondingnetwork.

SinceseveralQoSparametersexpressthecostof a link at thesametime, this prob-
lemcanbeaddressedasamulti-criteria problem[6], wherethecombinationof thecosts
is donevia anoperatorwhich is moregeneralthantheusualsumof the link weights.
Thisextensioncanbeeasilycastwithin theSCLPprogrammingframework, becauseit
is basedon thegeneralstructureof a semiringwith two operations(× and+). Then,×
is usedto combinethecosts,while + andtheimplied partialorder, to comparethem.

The work presentedandsuggestedin this paperextendssomeresultson shortest
pathproblemspresentedin [5] and[6] . Themain ideaunderlyingthis extensioncon-
cernstheuseof non-linearclausesin SCLP, that is, clauseswhich have morethanone
atomin their body:in thisway, wecanrepresenttreesinsteadof paths.

This paperis organizedasfollows: in Sec.2 we presentsomegeneralbackground
informationaboutmulticastrouting, including alsoits QoSextensions,thenin Sec.3
we describethe problemof finding the bestweightedtreein an AND-OR graph.Sec-
tion 4 featurestheSCLPframework, while Sec.5 depictshow to representa network
environmentwith anAND-OR graph.At last,in Sec.6 wedescribethewayto passfrom
and-orgraphto SCLPprograms,showing that the semanticof SCLPprogramis able
to computethebesttreein thecorrespondingAND-OR graph.This treerepresentsthe
solution:themulticasttreethatoptimizesQoSrequirements.Section7 draws thefinal
conclusionsandoutlinesintentionsfor futureworks.

2 Multicast Routing with QoSextensions

Given a nodegeneratingpackets,we canclassifynetwork datadelivery schemasinto
threemain types: i) Unicast, whendatais deliveredfrom onesenderto onespecific



recipient,providing one-to-onedelivery, ii) Broadcast, whendatais insteaddeliveredto
all hosts,providing one-to-alldelivery, andfinally, iii) Multicast, whendatais delivered
to all the selectedhoststhat have expressedinterest;thus, this last methodprovides
one-to-many delivery.

In thispaperweconcentrateon thethird paradigm,sinceour intentionis to provide
a solutionto theproblemof transmittinga datapacket from onesourceto K receivers.
In its simplestimplementation,multicastcanbeprovidedusingmultiple unicasttrans-
missions,but with this solution,the samepacket cantraversethe samelink multiple
times.For this reason,thenetwork mustprovide this servicenatively.

A multicastaddressis alsocalledamulticastgroupaddress,with which therouters
canlocateandsendpacketsto all themembersin thegroup.A groupmemberis a host
that expressesinterestin receiving packetssentto a specificgroupaddress.A group
memberis alsosometimescalleda receiveror a listener. A multicastsourceis a host
thatsendspacketswith thedestinationaddresssetto a multicastgroup.To deliver data
only to interestedparties,routersin thenetwork build a multicast(or distribution) tree
(Figure1). Eachsubnetwork that containsat leastone interestedlisteneris a leaf on
the tree.Wherethe treebranches,routersreplicatethe dataandsenda singlepacket
down eachbranch.No link ever carriesa duplicateflow of packets,sincepacketsare
replicatedin the network only at the point wherepathsdiverge, reducingthe global
traffic. Downstreamis in thedataflow directiontoward thereceivers,while Upstream
is in thedirectiontowardthesource.

Fig.1: An exampleof a multicastdistribution treebuilt on a network: orientedarcshighlight the
tree(directionis down stream),while dashedlinescorrespondto links not traversedby theflow.



Applicationsthat take advantageof multicastrouting include,for example,video
conference,corporatecommunications,distancelearning,distributed simulation,re-
sourcediscovery, softwaredistribution, stockquotes,news andalsoentertainmentap-
plicationssuchas,video-on-demand,games,interactivechatlinesandinternetjukebox.

Sincemany applicationsthatneedmulticastdistributionalsorequireacertaintime-
linessof delivery (real-timeapplications),multicastroutinghasbeenclearlyextended
to includeandguaranteeQoSrequirements;aglobalpictureof QoSis givenin [21]. In
this case,theConstraint-Basedmulticastrouting,theproblemis to find thebestdistri-
bution treewith respectto certainperformancerelatedconstraints,to betterutilize net-
work resourcesandto supportQoSrequirementsof theapplications.Constraint-Based
Routing(CBR) denotesa classof routingalgorithmsthatbasepathselectiondecisions
onasetof requirementsor constraints,in additionto thedestination:constraintscanbe
imposedby administrativepolicies,or by QoSneeds[22]. Theotherintentof CBRis to
increasetheutilization of thenetwork (CBR is a tool for Traffic Engineering[21,22]),
andis apartof theglobalframework thatprovide InternetQoS[21].

Multicast problemhasbeenstudiedwith several algorithmsandvariants,suchas
Shortest-Path Tree (SPT), Minimum SpanningTree (MST), SteinerTree (ST), Con-
strainedSteinerTree(CST),andothermiscellaneoustrees[19]. Algorithmsbasedon
SPT(e.g.Dijkstraor Bellman-Ford [8]) aim to minimizethesumof theweightson the
links from thesourceto eachreceiver, andif all thelink costoneunit, theresultingtree
is the least-hopone.The MST (e.g.Prim algorithm[8]) spanall the receivers in the
multicastgroup,minimizing thetotal weightof thetreeat thesametime; at eachstep,
the treeis augmentedwith an edgethat contributesthe minimum amountpossibleto
the total costof the tree,so the algorithmis greedy. A ST [20] is a treewhich spans
a given subsetof verticesin the graphwith the minimal total distanceon its edges.
If thesubsetmatchestheentiremulticastgroup,ST problemreducesto MST. ST has
beenextendedto CST, includingsideconstraintsconcerningQoSmetrics.STandCST
areNP-Completeproblems[20], andmany heuristicshavebeenproposedto efficiently
dealwith them[19,20].

Themostpopularsolutionsto multicastroutinginvolve treeconstruction.Thereare
two reasonsfor basingefficient multicastrouteson trees:i) thedatacanbetransmitted
in parallelto thevariousdestinationsalongthebranchesof thetree,andii) a minimum
numberof copiesof thedataaretransmitted.

Multicast QoS routing is generallymorecomplex thanunicastQoS routing, and
lessproposalshave beenelaboratedin this area[22]. With respectto unicast,theaddi-
tionalcomplexity stemsfrom theneedto supportsharedandheterogeneousreservation
styles(towardsdistinct groupmembers)andglobal admissioncontrol of the distribu-
tion flow. Someof the approachesusea Steinerformulation [11] or extend existing
algorithmto optimizethedelay(MOSPF[15] is themulticastversionof OSPF),while
theDelayVariation MulticastAlgorithm (DVMA) [18] computesa multicasttreewith
bothboundeddelayandboundedjitter. Also, delay-boundedandcost-optimizedmul-
ticastroutingcanbe formulatedasa Steinertree:anexampleapproachis QoS-aware
MulticastRoutingProtocol [15] (QMRP).OthermulticastQoSroutingalgorithmsand
relatedproblems(entailingstability, robustnessandscalability)arepresentedin [22],
andwedid not includethemherefor lackof space.



3 AND-OR Graphs and BestSolution Trees

An AND-OR graph [13] is definedessentiallyas a hypergraph.Namely, insteadof
arcsconnectingpairsof nodestherearehyperarcsconnectingn-tuple of nodes(n =
1, 2, 3, . . .). Hyperarcsarecalledconnectors andthey mustbe consideredasdirected
from their first nodeto all others.Formally an AND-OR graphis a pair G = (N,C),
whereN is asetof nodesandC is asetof connectors

C ⊆ N ×
k⋃

i=0

N i.

Eachk-connector(ni0 , ni1 , . . . , nik
) is an ordered(k + 1)-tuple,whereni0 is the in-

put nodeandni1 , . . . , nik
aretheoutputnodes.We saythatni0 is thepredecessorof

ni1 , . . . , nik
andthesenodesarethesuccessorsof ni0 . NotethatwhenC ⊆ N2 wehave

a usualgraphwhosearcsarethe 1-connectors.Note that therearealso0-connectors,
i.e.,connectorswith oneinputandnooutputnode.

In Figure2 we give anexampleof anAND-OR graph,whosenodesaren0, . . . , n8.
The0-connectorsarerepresentedasa line endingwith a square,whereask-connectors
(k ≥ 0) arerepresentedask directedlines connectedtogether. For instance,(n0, n1)
and(n0, n5, n4) arethe1-connectorand2-connector, respectively, with inputnoden0.

An AND tree is a specialcaseof an AND-OR graph,whereevery nodeappears
exactly twice in the set of connectorsC, onceas an input nodeof someconnector,
and onceas an output nodeof someother connector. The only exceptionis a node
calledrootwhichappearsonly once,asaninputnodeof someconnector. The leavesof
anAND treearethosenodeswhich areinput nodesof a0-connector. An exampleof an
AND treewith rootn′

2 is givenin Figure3. Heren′
7, n

′
8 andn′′

8 areleaves.
Givenan AND-OR graphG, an AND treeH is a solutiontreeof G with start node

nr, if thereis a functiong mappingnodesof H into nodesof G suchthat:

– therootof H is mappedin nr.
– if (ni0 , ni1 , . . . , nik

) is a connectorof H, then (g(ni0), g(ni1), . . . , g(nik
)) is a

connectorof G.

Informally, asolutiontreeof anAND-OR graphis analogousto apathof anordinary
graph.It canbeobtainedby selectingexactlyoneoutgoingconnectorfor eachnode.For
instance,the AND treein Fig. 3 is a solutiontreeof thegraphin Fig. 2 with startnode
nr = n2, if we let g(n′

2) = n2, g(n′
4) = n4, g(n′

5) = n5, g(n′
7) = n7, g(n′

8) = n8 and
g(n′′

8) = n8. Notethatdistinctnodesof thetreecanbemappedinto thesamenodeof
thegraph.

TheAND-OR graphin Fig.2hasak-adicfunctionoverthereals(costfunction) asso-
ciatedwith eachk-connector, andis thereforedefinedasfunctionallyweightedAND-OR

graph. In particular, aconstantis associatedwith each0-connector. It is easyto seethat
if thefunctionallyweightedgraphis anAND treeH, acostcanbegivento it, justeval-
uatingthefunctionsassociatedwith its connectors.Recursively, to every subtreeof H
with root in nodeni0 acostci0 is givenasfollows:

– If ni0 is a leaf, thenits costis theassociatedconstant.
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Fig.2: A weightedAND-OR graphproblem.

– If ni0 is the input nodeof a connector(ni0 , ni1 , . . . , nik
), then its cost is ci0 =

fr(ci1 , . . . , cik
) wherefr is the function costassociatedwith the connector, and

ci1 , . . . , cik
arethecostsof thesubtreesrootedatnodesni1 , . . . , nik

.

The generaloptimizationproblemcan be statedas follows: given a functionally
weightedAND-OR graph, find a minimal cost solution tree with start nodenr. The
functionusedto assignavalueto theinputnodeni0 of ak-connector(ni0 , ni1 , . . . , nik

)
is of theform fr(ci1 , . . . , cik

) = ar +ci1 + . . .+cik
wherear is aconstantassociatedto

theconnectorandci1 , . . . , cik
arethecostsof thesubtreesrootedatnodesni1 , . . . , nik

.
Therefore,thecostof thetreein Fig. 3, with rootnoden2, is 17.

In thefollowing of thispaperwewill show thatthis costfunctionis only aninstan-
tiationof amoregeneralonebasedon thenotionof c-semiring[1, 2].

4 Soft Constraint Logic Programming

The SCLPframework [1,4,9], is basedon the notion of c-semiringintroducedin [2,
3]. A c-semiringS is a tuple〈A,+,×,0,1〉 whereA is asetwith two specialelements
(0,1 ∈ A) andwith two operations+ and× that satisfycertainproperties:+ is de-
finedover(possiblyinfinite) setsof elementsof A andthusis commutative,associative,
idempotent,it is closedand0 is its unit elementand1 is its absorbingelement;× is



Fig.3: A minimal costsolutionAND treefor thegraphin Fig. 2, with startnodenr = n2.

closed,associative, commutative, distributesover +, 1 is its unit element,and0 is its
absorbingelement(for theexhaustive definition,pleasereferto [3]).

The+ operationdefinesa partialorder≤S over A suchthata ≤S b if f a + b = b;
we say that a ≤S b if b representsa valuebetter thana. Otherpropertiesrelatedto
the two operationsarethat+ and× aremonotoneon≤S , 0 is its minimumand1 its
maximum,〈A,≤S〉 is a completelattice and+ is its lub. Finally, if × is idempotent,
then+ distributesover×, 〈A,≤S〉 is acompletedistributive latticeand× its glb.

Semiring-basedconstraintsatisfactionproblems(SCSPs)areconstraintproblems
whereeachvariableinstantiationis associatedto anelementof a c-semiringA (to be
interpretedasa cost,level of preference,. . . ), andconstraintsarecombinedvia the×
operationandcomparedvia the≤S ordering.VaryingthesetA andthemeaningof the
+ and× operations,wecanrepresentmany differentkindsof problems,having features
like fuzziness,probability, andoptimization.Moreover, in [3] we have shown that the
cartesianproductof two c-semiringsis anotherc-semiring,andthis canbe fruitfully
usedto describemulti-criteriaconstraintsatisfactionandoptimizationproblems.

The SCLPframework extendsthe classicalconstraintlogic programmingformal-
ism [10] in orderto beableto handlealsoSCSP[2,3] problems.In passingfrom CLP
to SCLPlanguages,we replaceclassicalconstraintswith themoregeneralSCSPcon-
straintswherewe areableto assigna level of preferenceto eachinstantiatedconstraint
(i.e. a groundatom).To do this, we alsomodify the notionsof interpretation,model,
modelintersection,andothers,sincewe have to take into accountthesemiringopera-
tionsandnot theusualCLP operations.

The fact that we have to combineseveral refutationpathswhenwe have a partial
orderamongtheelementsof thesemiring(insteadof a totalone),canbefruitfully used
in thecontext of thispaperwhenwehaveanAND-OR graphproblemwith incomparable
costsassociatedto theconnectors.In fact,in thecaseof a partialorder, thesolutionof
the problemof finding a besttreeshouldconsistsof all thosetreeswhosecost is not
“dominated”by others.



Table1: A simpleexampleof anSCLPprogram.

s(X) :- p(X,Y).
p(a,b) :- q(a).
p(a,c) :- r(a).
q(a) :- t(a).
t(a) :- 2.
r(a) :- 3.

A simple exampleof an SCLP programover the semiring〈N,min,+,+∞, 0〉,
whereN is thesetof non-negative integersandD = {a, b, c}, is representedin Table1.
Thechoiceof thissemiringallows to representconstraintoptimizationproblemswhere
the semiringelementsarethe costsfor the instantiatedatoms.The intuitive meaning
of a semiringvaluelike 3 associatedto the atomr(a) is that r(a) costs3 units.Thus
thesetN containsall possiblecosts,andthechoiceof the two operationsmin and+
impliesthatwe intendto minimizethesumof thecosts.Thisgivesusthepossibilityto
selecttheatominstantiationwhich givestheminimum costoverall. Givena goal like
s(x) to thisprogram,theoperationalsemanticscollectsbothasubstitutionfor x (in this
case,x = a) andalsoa semiringvalue(in this case,2) which representstheminimum
costamongthecostsfor all derivationsfor s(x). To find oneof thesesolutions,it starts
for the goal andusesthe clausesasusualin logic programming,except that at each
steptwo items are accumulatedand combinedwith the currentstate:a substitution
and a semiringvalue (both provided by the usedclause).The combinationof these
two itemswith what is containedin thecurrentgoal is donevia theusualcombination
of substitutions(for the substitutionpart) andvia the multiplicative operationof the
semiring(for thesemiringvaluepart),which in thisexampleis +. Thus,in theexample
of goals(X), wegettwo possiblesolutions,bothwith substitutionX = a but with two
differentsemiringvalues:2 and3. Then,thecombinationof suchtwo solutionsvia the
min operationgive usthesemiringvalue2.

5 Using AND-OR Graphs to representQoSmulticast networks

In this Sectionwe explain a methodto traslatethe representationof a multicastnet-
work with QoSrequirements(Figure5a) into acorrespondingweightedAND-OR graph
model(Figure5b). This procedurecanbesplit in threedistinct steps,respectively fo-
cusingon therepresentationof i) network nodes,ii) network links andiii) link costsin
termsof QoSmetrics.

Eachof thenetwork nodescanbeeasilycastin thecorrespondingAND-OR graphs
asa singlegraphnode:thus,eachnodein the graphcanrepresentan interconnecting
device (e.g. a router), or a nodeacting as the sourceof a multicastcommunication
(injectingpacketsin thenetwork), or, finally, a receiver belongingto a multicastgroup
andparticipatingto thecommunication.In Sec.6, whenwe will look for thebesttree
solution, the root of the bestAND tree will be mappedin the noderepresentingthe
sourceof themulticastcommunication;in thesameway, receiverswill bemodelledby



theleavesof theresultingAND tree.Whenwe translatea receiver, we addanoutgoing
0-connector(Figure5b), whosemeaning(cost)will beexplainednext in this Section.
Supposethat{n0, n1, . . . , n9} in Figure5a aretheidentifiersof thenetwork nodes.

To modelthelinks, weexaminetheforwardingstar(f-star) of eachnodein thenet-
work: weconsiderthelinks asoriented,sincethecostof sendingpacketsfrom nodeni

to nj canbedifferentfrom thecostof sendingfrom nj to ni (onenotorientedlink can
beeasilyreplacedby two orientedones).Supposingthatthef-starof nodeni includes
thearcs(ni, nj), (ni, nk) and(ni, nz), wetranslatethis f-starby constructingonecon-
nectordirectedfrom ni to eachof the subsetsof destinationnodes{j, k, z} (Fig. 4),
for a total numberof 2n − 1 subsets,excluding {∅}. Thus,all the resultingconnec-
torswith ni astheinputnodeare(ni, nj), (ni, nk), (ni, nz), (ni, nk, nj), (ni, nk, nz),
(ni, nj , nz) and(ni, nj , nk, nz).

To simplify Fig. 4b, arcslinking directly two nodesrepresent1-connectors(ni, nj),
(ni, nk) and(ni, nz), while curvedorientedlinesrepresentn-connectors(with n > 1),
wherethesetof theiroutputnodescorrespondto theoutputnodesof thetraversedarcs.
With respectto ni, in Fig. 4 we have curved line labelledwith a that correspondto
(ni, nk, nj , nz), b to (ni, nk, nj), c to (ni, nj , nz), and,at last, d to (ni, nk, nz). To
have a clearfigure, the network links in Fig. 5a areoriented“towards” the receivers,
thusweputonly thecorrespondingconnectorsin Fig 5b.

Fig.4: a) thef-starof ni network-nodeandb) its representationwith connectors.

In the examplewe proposehere,we are interestedin QoS link-stateinformation
concerningonly bandwidthanddelay. Therefore,eachlink of the network canbe la-
beledwith a 2-dimensionalcost,for examplethepair 〈7, 3〉 tells usthat themaximum
bandwidthon thatspecificlink is 70Mbsandthemaximumdelayis 30ms.In general,
we could have a costexpressedwith a n-dimensionalvector, wheren is the number
of metricsto be taken in accountwhile computingthebestdistribution tree.Sincewe
want to maintainthis link stateinformationeven in the AND-OR graph,we label the
correspondingconnectorwith thesametupleof values(Figure5).

In casea connectorrepresentmore thanonenetwork link, its cost is decidedby
assemblingthecostsof the theselinks with thecompositionoperation◦, which takes



asmany n-dimensionalvectorsasoperands,asthenumberof links representedby the
connector. Naturally, we caninstantiatethis operationfor theparticulartypesof costs
adoptedto expressQoS: for the examplegiven in this Section,the resultof ◦ is the
minimumbandwidthandthehighestdelay, ergo, theworstQoSmetricvalues:

◦(〈b1, d1〉, 〈b2, d2〉, . . . , 〈bn, dn〉) −→ 〈min(b1, b2, . . . , bn), max(d1, d2, . . . , dn)〉
Thecostof theconnector(n1, n3, n4) in Fig. 5b will be〈7, 3〉, sincethecostsof con-
nectors(n1, n3) and(n1, n4) arerespectively 〈7, 2〉 and〈10, 3〉:

◦(〈7, 2〉, 〈10, 3〉) = 〈7, 3〉
To simplify Fig. 5b, we insertedonly the costsfor the1-connectors,but the costsfor
theotherconnectorscanbeeasilycomputedwith the◦ operation,andareall reported
in Table3.

So far, we areableto translateanentirenetwork with QoSrequirementsin a cor-
respondingAND-OR weightedgraph,but still we needsomealgebraicframework to
modelour preferencesfor the links to usein thebesttree.For this reason,we usethe
semiringstructure(Sec.4). An exhaustive explanationof thesemiringframework ap-
proachfor shortest-distanceproblemsis presentedin [14].

For example, if we are interestedin maximizing the bandwidthof the distribu-
tion tree,we canusethec-semiringSBandwidth = 〈B ∪ {0,+∞}, max, min, 0,+∞〉
(otherwise,we could be interestedin minimizing the global bandwidthwith 〈B ∪
{0,+∞}, max, min,+∞, 0〉. We canuseSDelay = 〈D ∪ {0,+∞}, min, max,+∞, 0〉
for the delay, if we needto minimize the maximumdelaythat canbe experiencedon
a singlelink. With this resultandthedepthof thefinal tree,we cancomputeanupper
boundfor the end-to-enddelay. Elementsof B andD canbe obtainedby collecting
informationaboutthenetwork configuration,thecurrenttraffic stateandtechnicalin-
formationaboutthelinks. Sincethecompositionof c-semiringsis still ac-semiring[3],

SNetwork = 〈〈B ∪ {0,+∞},D ∪ {0,+∞}〉,+′,×′, 〈0,+∞〉, 〈+∞, 0〉〉
where+′ and×′ correspondto thevectorizationof the+ and× operationsin thetwo
c-semirings:givenb1, b2 ∈ B ∪ {0,+∞} andd1, d2 ∈ D ∪ {0,+∞},

〈b1, d1〉+′ 〈b2, d2〉 = 〈max(b1, b2), min(d1, d2)〉
〈b1, d1〉 ×′ 〈b2, d2〉 = 〈min(b1, b2), max(d1, d2)〉

Clearly, the problemof finding bestdistribution tree is multi-criteria, sinceboth
bandwidthanddelaymustbeoptimized.Weconsiderthecriteriaasindependentamong
them,otherwisethey canbereconductedto asinglecriteria.Thus,themultidimensional
costsof theconnectorsarenotelementsof atotallyorderedset,andit maybepossibleto
obtainseveraltrees,all of which arenot dominatedby others,but which have different
incomparablecosts.

For eachdestinationnode,thecostsof its outgoing0-connectorwill bealwaysin-
cludedin everypathreachingthenode.As seenin Section3, a0-connectorhaonly one
input nodebut no destinationnodes.If we considera receiver asa plain node,we can



setthe costasthe1 elementof the adoptedc-semiring(1 is the unit elementfor ×),
sincethecoststo reachthis nodearealreadytotally describedby theotherconnectors
endingin thisnode:practically, wegivehighestQoSvaluesto this0-connector, infinite
bandwidthandnull delay. Otherwisewecanimagineareceiverasamorecomplex sub-
network, andthuswe cansetthe costof the0-connectorasthe costneededto finally
reacha nodein thatsubnetwork (in casewe do not want,or cannot,show thetopology
of thesubnetwork).

Figure5 shows the transformationof the network of Fig. 1 into a corresponding
AND-OR graph.Group membersnot interestedin the communicationare not repre-
sented,sincethedistribution treehasnot to reachthem.In Fig. 5a, onereceiver (node
n9) hasbeenreplacedwith asubnetwork, with respectto Fig. 1.

Fig.5: A network exampleandthecorrespondingAND-OR graphrepresentation.

6 AND-OR graphsusingSCLP

In this sectionwe will show how to representan AND-OR graphasanSCLPprogram
over a specificc-semiring.First of all, we presentandsolve the problemon a AND-
OR graphwhoseconnectorshave unidimensionalcosts(monocriteria),and after we
proposeamulti-criteriaexampleconcerningthemulticastQoSnetwork in Fig. 5b.

To representtheclassicalproblemwherethemeaningof besttreeis thetreewhose
sumof thecostsof its connectorsis minimum, we consideranSCLPprogramover the
semiringS = 〈N, min,+,+∞, 0〉, which, asnotedabove, is an appropriatedframe-
work to representconstraintproblemswhereone wantsto minimize the sum of the
costsof the solutions.In the first example,we are interestedin finding the treewith



theminimumcost.Thus,theconstantassociatedto eachconnector, that is, its cost,is
in N andthe costsof the subtreesrootedat the sonsof a certainnodearecombined
togetherusingthe+ operator. Moreprecisely, to describetheoperationof combination
we will usethe× operatorof thesemiring;theadditive operatorwill beusefulinstead
to comparedifferenttrees,sincethepartialorder≤S is inducedby + operation.

FromtheweightedAND-OR graphproblemin Fig.2 wecanbuild anSCLPprogram
asfollows.For eachconnectorwehavetwo clauses:onedescribestheconnectorandthe
otheroneits cost.Moreprecisely, theheadof thefirst clauserepresentsthestartingnode
ni0 , andits bodycontainsboththefinal nodesandapredicate,sayfi0,...,ik

, representing
thecostof theconnectorfrom nodeni0 to nodesni1 , . . . , nik

. Then,thesecondclause
is a factassociatingto predicatefi0,...,ik

its cost(which is asemiringelement).

Table2: The SCLPprogramrepresentingall the AND treesover the weightedAND-OR graph
problemin Figure2.

n0 :- f 0,5,4,n 5, n4. f 0,5,4 :- 2.
n0 :- f 0,1,n 1. f 0,1 :- 3.
n1 :- f 1,2,n 2. f 1,2 :- 3.
n1 :- f 1,3,n 3. f 1,3 :- 7.
n2 :- f 2,3,n 3. f 2,3 :- 1.
n2 :- f 2,5,4,n 5,n 4. f 2,5,4 :- 3.
n3 :- f 3,6,5,n 6,n 5. f 3,6,5 :- 1.
n4 :- f 4,5,n 5. f 4,5 :- 2.
n4 :- f 4,8,n 8. f 4,8 :- 2.
n5 :- f 5,6,n 6. f 5,6 :- 3.
n5 :- f 5,7,8,n 7,n 8. f 5,7,8 :- 2.
n6 :- f 6,7,8,n 7,n 8. f 6,7,8 :- 3.
n7 :- 4. n8 :- 3.

The whole programcorrespondingto the AND-OR graphproblemin Figure2 can
beseenin Table2. To solve theAND-OR graphproblemit is enoughto performaquery
in the SCLPframework; for example,if we want to computethe costof the besttree
rootedatn2 andhaving asleavesasubsetof thenodesrepresentingthereceivers(in this
case,{n7, n8}), wehaveto performthequeryn2. Theoperationalsemanticsmachinery
findsall trees(modulosomecutsdueto heuristics)andthencombinesall thesolutions
via theadditive operationof thesemiring,which in this caseis min.

Notice that to representclassicalbesttreeproblemsin SCLP, we do not needany
variable.Thus the resultingprogramis propositional.However, this program,while
giving usthecostof thebesttree,doesnotgiveusany informationabouttheconnectors
whichform suchatree.This informationcouldbeobtainedby providing eachpredicate
with an argumentwhich representsthe connectorchosenat eachstep,aswe did for
shortestpathproblemsin [6].

Theformulationgivenin Table2 hasalsoanotherdrawback:theresultingbesttree
hasnot the constraintto reachall the leavesrepresentingthe receivers.To take in ac-



countthis problem,we provide a differentSCLPformulation(examplein Table3): we
providetheclausesto representsub-treesStree(x,y), wherex is therootandy is thelist
of thetreeleaves.Thetails for this clausecanbebothC(x, y) or C(x, z), Stree(z, y),
sinceasub-treecandirectlyberepresentedby aconnector(C(x, y)) with inputnodex
anda list y of outputnodes,or a connectorreachingintermediatenodesz plusa sub-
treefrom z to destinationnodesy (tail C(x, z), Stree(z, y)). At last,aclausewith head
Stree(x|y, z) and tail Stree(x, z1), Stree(y, z2), append(z1, z2, z) is neededto man-
agethe junction of the disjoint treeswith roots in the list [x|y]. Clauseswith head
C(ni, [nk, ...nk]) representthe connectorsof the AND-OR graphwith input nodeni

andthe list of outputnodesnk, ...nk, while thetail specifiesthecostof theconnector.
To properlyusethis formulation,wesupposethelist of theoutputnodesof theconnec-
torsaslexicographicallyordered.With thequeryStree(nr, [n0, ..., nk]), we areableto
find thebesttreerootedatnr andreachingall theleavesin thelist [n0, ..., nk].

An exampleof this kind of programis given in in Table3, andcorrespondsto the
AND-OR graphproblemin Figure5b. PerformingthequeryStree(n0, [n6, n7, n8, n9]),
the semanticsof this programis representedin Figure6 andcorrespondsto the best
distribution treewith respectto bandwidthanddelaymetricvaluesof thelinks. Theal-
gebraiccostmodelhasbeenproposedin Section5 andis representedby thec-semiring
SNetwork = 〈〈B ∪ {0,+∞},D ∪ {0,+∞}〉,+′,×′, 〈0,+∞〉, 〈+∞, 0〉〉. Thecostof
thetreein Fig. 6 is 〈4, 5〉, since×′ computestheminimumbandwidth- maximumdelay
of theconnectors.

Thefinal costof the treeobtainedwith theSCLPprogramis equivalentto theone
that canbe computedusing×′ inside the fr function given in Sec.3. Startingfrom
sourcenoden0 andconnector(n0, n1) with cost〈10, 1〉, thecostof thetreecn0 is

cn0 = fr(cn1) = 〈10, 1〉 ×′ cn1

Table3: TheSCLPprogramrepresentingtheweightedAND-OR graphproblemin Figure5b.

Stree( x, y) :- C(x, y).
Stree( x, y) :- C(x, z), Stree( z, y).
Stree( x| y, z) :- Stree( x, z1), Stree( y, z2), append( z1, z2, z) .
C(n 0,[n 1]) :- 〈10, 1〉. C(n 1,[n 2,n 3,n 4]) :- 〈3, 6〉.
C(n 1,[n 3,n 4]) :- 〈7, 3〉. C(n 1,[n 2,n 4]) :- 〈3, 6〉.
C(n 1,[n 2,n 3]) :- 〈3, 6〉. C(n 1,[n 2]) :- 〈3, 6〉.
C(n 1,[n 3]) :- 〈7, 2〉. C(n 1,[n 4]) :- 〈10, 3〉.
C(n 2,[n 4]) :- 〈1, 5〉. C(n 3,[n 5,n 6]) :- 〈2, 9〉.
C(n 3,[n 5]) :- 〈2, 9〉. C(n 3,[n 6]) :- 〈3, 5〉.
C(n 4,[n 5,n 9]) :- 〈4, 3〉. C(n 4,[n 5]) :- 〈4, 2〉.
C(n 4,[n 9]) :- 〈5, 3〉. C(n 5,[n 7,n 8]) :- 〈7, 1〉.
C(n 5,[n 7]) :- 〈8, 1〉. C(n 5,[n 8]) :- 〈7, 1〉.
C(n 6,[ ]) :- 〈∞, 0〉. C(n 7,[ ]) :- 〈∞, 0〉.
C(n 8,[ ]) :- 〈∞, 0〉. C(n 9,[ ]) :- 〈6, 3〉.



Fig.6: Thebestmulticastdistribution treecorrespondingto theprogramin Table3.

7 Conclusions

We have describeda methodto representandsolve the multicastQoSproblemwith
thecombinationof AND-OR graphandSCLPprogramming:thebesttreeona AND-OR

graphcorrespondto thebestmulticastdistribution treemodelledby thegraph.Thebest
treeoptimizessomeobjectivesregardingQoSperformance,e.g.minimizing theglobal
bandwidthconsumptionor reducingthedelay. Thestructureof ac-semiringdefinesthe
algebraicframework to modelthecostsof thelinks,andSCLPframework describesand
solvestheSCSPproblem(thebesttree)in a declarative fashion.Sinceseveraldistinct
criteriamustbeall optimized(thecostsof thearcsincludedifferentQoSmetricvalues),
thebesttreeproblembelongsto multi-criteriaproblemclass.

Futureresearchcouldaddressalsotheremodellingof thebesttreedueto thecon-
tinuousnetwork-statechanges,including the requestsof multicastgroupmembersto
dynamicallyjoin in andleavefrom thecommunication,or themodificationsof theQoS
metricvaluesonthelinks, sinceanetwork mustbeefficiently usedto transportmultiple
flows at thesametime.

If the problemis seenasa SCSP, α-consistency[1] canbe usedto speed-upthe
searchin thesolutionspace,by pruningthosesolutionsinconsistentwith thereceivers
requirements.

Even if in this paperwe have appliedSCLPprogramsover AND-OR graphto find
the bestmulticastdistribution tree, the sameframework could be usedalso to solve
problemson decisiontables[17], by translatingthem into AND-OR graphs,or even
otherdynamicprogrammingproblems.Decisiontablesarewidely usedin many data
processingapplicationsfor specifyingwhich actionmust be taken for any condition



in someexhaustive set.Every conditionis characterizedby somecombinationof the
outcomesof a setof conditiontests.An importantproblemis to derive from a given
decisiontableadecisiontreewhich is optimalin somespecifiedsense.

Previousworks(suchas[12]) introducedageneralmodelof dynamicprogramming
basedon AND-OR graphsandshowedthateachdynamicprogrammingproblemcould
be reducedto the problemof finding an optimal solution tree in an AND-OR graphs.
Therefore,SCLPcanexpressthesemanticof many of theseproblems.

References

1. S.Bistarelli. Semiringsfor SoftConstraint SolvingandProgramming. VolumeLNCS2962.
Springer, 2004.

2. S.Bistarelli,U. MontanariandF. Rossi.Constraint SolvingoverSemirings. In Proceedings
of IJCAI’95, MorganKaufman,1995.

3. S.Bistarelli,U. MontanariandF. Rossi.Semiring-basedConstraint SolvingandOptimiza-
tion. Journalof ACM, vol. 44,no.2, March1997.

4. S. Bistarelli, U. Montanari,andF. Rossi. Semiring-basedConstraint Logic Programming.
In Proc. IJCAI97. MorganKaufman,1997.

5. S.Bistarelli,U. MontanariandF. Rossi.SCLPSemanticsfor (Multi-Criteria) ShortestPath
Problems. InformalProc.CP-AI-OR’99,Ferrara,Italy, 1999.

6. S. Bistarelli,U. MontanariandF. Rossi. SoftConstraint Logic ProgrammingandGeneral-
izedShortestPath. Journalof Heuristics,Kluwer AcademicPublishers,8: 2541,2002

7. S.Chen,K. NahrstedtandY. Shavitt. A QoS-AwareMulticastRoutingProtocol. IEEEJSAC,
vol. 18,no.12,December2000.

8. T. H. Cormen,C. E. LeisersonandR. E. Rivest.Introductionto Algorithms. TheMIT Press,
Cambridge,MA, 1997.

9. Y. GeorgetandP. Codognet.Compilingsemiring-basedconstraintswith clp(fd,s). In Proc.
CP98,LNCS1520. Springer, 1998.

10. J. Jaffar andM.J. Maher. Constraint Logic Programming:A Survey. Journal of Logic Pro-
gramming, vol. 19and20,1994.

11. L. Kou,G. Markowsky andL. Berman.A FastAlgorithmfor SteinerTree. Acta Informatica,
pp.141145,1981.

12. A. Martelli andU. Montanari.Fromdynamicprogrammingto search algorithmswith func-
tional costs. Proc.FourthInt. JointConf.Artif. Intell. Tbilisi, Sept.1975,pp.345-350.

13. A. Martelli andU. Montanari.Optimizingdecisiontreesthroughheuristicallyguidedsearch.
CACM, Dec.1978,vol.21,n.12.

14. M. Mohri. SemiringFrameworksandAlgorithmsFor Shortest-DistanceProblems. Journal
of Automata,LanguagesandCombinatorics,7 (2002)3, pp.321-350.

15. J.Moy. OSPFVersion2. RFC2178,July1997.
16. N. J.Nilsson.Principlesof Artificial Intelligence. Tioga,1980.
17. U. W. Pooch.Traslationof decisiontables. ACM ComputingSurveys6, 2 (1974),125-151.
18. G.N. RouskasandI. Baldine.MulticastRoutingwith End-to-EnddelayandDelayVariation

Constraints. IEEEJSAC, pp.346356,April 1997.
19. B. WangandJ.C.Hou. Multicastroutingandits QoSextension:problems,algorithms,and

protocols. IEEENetwork, Vol.14,No.1,Jan./Feb., 2000.
20. P. Winter. SteinerProblemsin Networks:A Survey. Networks Volume17, Issue2, Pages

129-167,Summer1987.
21. X. Xiao andL.M. Ni. InternetQoS:A Big Picture. IEEENetwork, 13(2):8-18,Mar 1999.
22. O. YounisandS. Fahmy. Constraint-BasedRoutingin the Internet: BasicPrinciplesand

RecentResearch. IEEECommunicationsSurveys andTutorials,Vol. 5 No. 1, 2003.


